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If a symmetric 2-design with parameters (u, k, X) is extendable, then one of the 
following holds: v  = 4X + 3, k = U + 1; or 0 = (X + 2)(h2 + 4X + 2), k = 
X2 + 3X + 1; or u = 111, k = 11, h = 1; or u = 495, k = 39, X = 3. In 
particular, there are at most three sets of extendable symmetric design param- 
eters with any given value of X. As a consequence, the only twice-extendable 
symmetric design is the 21-point projective plane. 
Suppose t, v, k, h are integers with t > 0, k > 0, X > 0, and v > k + 1. 
A t - (v, k, h) design (or t-design) 9 is a set B of points and a set 93 of 
blocks with a relation of incidence on 9 x ~8, satisfying 
(i) 1 9 1 = v. 
(ii) Any block is incident with k points. 
(iii) Any t distinct points are incident with X blocks. 
(The condition h > 0 ensures that k > t. This and the condition 
v > k + 1 rule out the trivial cases.) 
A t - (v, k, X) design is also a s - (v, k, XJdesign for 0 < s < t, where 
h 
s 
= (v - s)(v - s - 1) ... (0 - t + 1) h 
(k - s)(k - s - 1) ... (k - t + 1) ’ 
(The empty product for s = t is of course taken to be 1.) h, is the total 
number of blocks, and h, is the number of blocks incident with a given 
point. These parameters are often called b and r, respectively. 
If 93 is a t - (v, k, h) design with t > 0, andp E 9, define an incidence 
structure BP as follows: the set of points is B - {p}, the set of blocks is 
(b E g : b is incident with p}, and incidence is the same as in 9. ~3~ is 
clearly a (t - 1) - (v - 1, k - 1, h) design. If S is a (t - I)-design 
and 9 is a t-design such that ~3~ and S are isomorphic for some point p 
of 9, then 9 is called an extension of X, and 2 is called extendable. 
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Fisher’s inequality states that a 2-design has at least as many blocks as 
points. A 2-design with X, = v (the same number of blocks as points) is 
called symmetric, and has the properties: 
(i) k = X, (the number of points incident with a block is equal to 
the number of blocks incident with a point). 
(ii) Any two blocks are incident with X, points. So the dual of a 
symmetric 2-design, the incidence structure obtained by interchanging the 
labels “point” and “block,” is again a symmetric 2-design. 
For further details and proofs of many of the above assertions, see 
Hughes [3]. Fisher’s inequality and the facts about symmetric 2-designs 
mentioned above are proved in Hall [2, Section 10.21. Dembowski 
[l, Chapter 21 contains a wealth of information on designs, in particular 
on extensions of designs. 
If b is any block of a design, let (b) denote the set of points incident 
with b. For any set X, 1 X j denotes the number of elements in X. 
THEOREM. If S? is an extendable symmetric 2 - (v, k, A) design, then 
one of the following holds: 
(i) A? is a Hadamard design (i.e. v = 4X + 3, k = 2X + 1). 
(ii) v = (h + 2)(X2 + 4h + 2), k = h2 + 3h + 1. 
(iii) v = 111, k = II, h = 1. 
(iv) v = 495, k = 39, X = 3. 
Proof Let X be a symmetric 2 - (v, k, h) design and 9 an extension 
of %. 9 is a 3 - (v + 1, k + 1, X) design. Ifp is any point of 9, then gP 
has the same parameters as X (since equation (1) is independent of the 
points chosen), so gP is a symmetric 2-design. Thus any two blocks 
incident with p are incident with h further points. So, if bl and b, are two 
blocks of B, I(b,) n (b,)l = 0 or X + 1. Also, since 2 is symmetric, it has 
X, = k; applying (1) we have 
(v - 1) X = k(k - 1). (2) 
Let b be a block of 9, and define an incidence structure X as follows: 
the points of X are the points of 5@ not incident with b, and the blocks 
of X are the blocks b, of 58 for which (b) n (b,) = m. Incidence in X is 
the same as in 58. X has u - k points; note that v - k > 2. I shall prove 
next that X is a 2-design provided that it satisfies the non-triviality 
conditions. 
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Let p1 , pz , q be points of 9 with p1 , p2 6 (b), q E (b). 
Iv%:P,,P2,q~wl = h 
(since, for each such block b, , l(b) n @,)I = X + 1). So 
I{b,:p,,p,~(bl),(b)n(b,) = @>I = k- ‘:;11’ 
k--X =- 
hfl, 
If this number is zero, then k = h. But then (2) gives u = k, a contra- 
diction. (3) also shows that h + 1 I k - h. If X + 1 = k - X, then 
k = 2X + 1, u = 4h + 3, giving case (i) of the theorem. (In this case X 
has a single block, which is the complement of the block b.) Assume this 
is not the case. Then (3) gives k - h 2 2(X + l), or k > 3X + 2; and 
(2) gives ZJ - 1 = k(k - 1)/A >, k(3X + 1)/h > 3k. So certainly 
v - k > k + 2, and X is a 
2-(tl-k,k+l,$+) 
design. 
Using (l), the number of blocks of X is 
m = (u - k)(v - k - l)(k - h) 
(k + 1) WA + 1) 
(v - k)2(v - k - 1) - 
(k + l)(k2 - k + v - 1) ’ 
since X = %1-Q . 
By Fisher’s inequality, 
(v - k)2(v - k - 1) 
(k + l)(k2 - k + v - 1) ’ ’ - k’ 
(u - k)(v - k - 1) 3 (k + 1)(k2 - k + v - l), 
v2 - (3k + 2)v - (k + l)(k2 - 2k - 1) 3 0. 
The roots of the equation 
x2 - (3k + 2) x - (k + l)(k2 - 2k - 1) = 0, 
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regarded as a quadratic equation in x, are 
x = 3[(3k + 2) f k d4k + 51. 
v must lie outside these two values. 
But z, < +[(3k + 2) - k2/4k + 51 is impossible, since the right-hand 
expression is at most 1 for positive integral k. So 
v 3 +[(3k + 2) + k -1. 
Put m = 2~ + 3 for some real number CL. p > 0, since k 3 2. 
Then k = p2 + 3~ + 1, 
v 3 p3 + 6$ + 1% + 4 = (p + 2)(/~~ + 4cL + 2), 
h = W - 1) < 
v-l ’ 
(CL2 + 3cL + l)(Y2 + 3cL) = 
y3 + 6~~ + 10~ + 3 I-“ 
so k 2 A2 + 3h + 1, or k + 1 > (h + l)(h + 2). Using (l), 9 has 
v(v + l)/(k + 1) blocks, so k + 1 divides 
v(v + 1) = (k2 - k + h)(k2 - k + 2X)/A2, 
or k + 1 divides 
(k2 - k + h)(k2 - k + 2h). 
Using the remainder theorem, k + 1 I 2(h + l)(h + 2). 
If k + 1 = 2(X + 1)(X + 2), then, from (2), h divides k(k - 1) = 
(2X2 + 6h + 3)(2A2 + 6h + 2). Using the remainder theorem again, h ] 6, 
or X = 1, 2, 3, or 6. For h = 2 or 6, k + 1 does not divide v(v + 1). 
Thus h = 1 or 3, giving cases (iii) and (iv) of the theorem. 
Otherwise, k + 1 = (A + 1)(X + 2). Then equality holds throughout 
the argument; so p = A, k = A2 + 3h + 1, v = (A + 2)(X2 + 4h f2) 
and X is a symmetric 2 - ((A + 1)2(X + 3), (A + 1)(X + 2), h + 1) design. 
COROLLARY 1. If X is a twice or three times extendable symmetric 
2-design then A? is isomorphic to the 21-point projective plane. 
COROLLARY 2. There is no four times extendable symmetric 2-design. 
Proof. Suppose 2 is a twice-extendable symmetric 2 - (v, k, A) 
design. Counting the number of blocks in the second extension (using (1)) 
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we find that (k + l)(k + 2) 1 U(U + l)(v + 2). For the various possibilities, 
this gives 
(i) 2X + 3 I 4(X + 1)(4h + 3)(4X + 5), 
2X + 3 1 3, which is absurd. 
(ii) h2 + 3X + 3 I (h + 1)(X + 2)(h2 + 4X + 2)(h2 + 5X + 5) 
x (A3 + 6h2 + 10X + 6), 
X2 + 3h + 3 / h + 6, 
x = 1. 
Then 2 is a 2 - (21, 5, 1) design, i.e., a 21-point projective plane. There 
is up to isomorphism a unique such object, and it is three times extendable 
(see Luneberg [6]). Since 6 . 7 . 8 . 9 +’ 21 . 22 . 23 . 24 * 25, it is not four 
times extendable. 
(iii) 13 1 111 . 112 . 113 is false. 
(iv) 41 / 495 . 496 . 497 is false. 
Remarks. (i) Any Hadamard design is extendable, and has a unique 
extension [l, 2 . 4 * 341. For example, the design of points and hyperplanes 
in projective n-space over the field of 2 elements is a Hadamard design; 
its extension is the design of points and hyperplanes in affine (n + 1)-space 
over the field of 2 elements. Note, however, that different design may well 
have isomorphic extensions. 
(ii) Less is known about case (ii) of the theorem. For h = 1, X is 
isomorphic to the 21-point projective plane, and can be extended three 
times but no further. For h = 2, we get u = 56, k = 11. There is a sym- 
metric 2-design with these parameters (see [3]); I do not know whether it 
is extendable. Incidentally, a symmetric 2 - (45, 12, 3) design (having the 
parameters appropriate for Z in this case) is also constructed in [3].l 
(iii) A 2 - (111, 11, 1) design would be a 11 l-point projective plane. 
The existence of such an object is yet undecided. I know nothing about 
2 - (495, 39, 3) designs. 
(iv) Hughes [5, Theorem 2.11 showed that there exist only finitely 
many extendable symmetric 2-designs with a given value of h. In fact 
there are at most three sets of parameters for h = 1 or 3, and at most two 
for any other value. (Hughes calls a 3-design which is an extension of a 
symmetric 2-design a symmetric 3-design, and so on.) 
1 In fact, neither of these designs can play the role required of it in a 3457, 12, 2) 
design (M. Hall, Jr., pers. comm.). 
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(v) If there exists an extension 9of a symmetric design of type (ii) in 
the theorem, then a construction identical to that of Higman and Sims [4] 
gives a strongly regular graph on (A +4)7h+ 1)” vertices. (If 9,39, and 9 are 
the sets of points, blocks, and incidences of 9, respectively, the graph is 
defined to have vertex set {co} u 9 u L%‘, and edges { 00, p} for all p E 8; 
(p, b) if (p, b) ~9; and (b, , b,) if b, , b2 E 93’ and (bl) A (b,) = ia. The 
proof that it is strongly regular involves a number of easy counting 
arguments.) 
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